We show analytically and through three-dimensional particle-in-cell simulations that non-linear wakefields driven by Laguerre-Gaussian laser pulses can lead to hollow electron self-injection and positron acceleration. We find that higher order lasers can drive donut shaped blowout wakefields with strong positron accelerating gradients comparable to those of a spherical bubble. Corresponding positron focusing forces can be more than an order of magnitude stronger than electron focusing forces in a spherical bubble. Required laser intensities and energies to reach the non-linear donut shaped blowout are within state-of-the-art experimental conditions.
Laser plasma interactions play a central role in a wide range of applications ranging from table-top laser wakefield accelerators [1, 2] and light sources [3] to laser fusion [4] . So far, laser plasma research has been geared towards the use of drivers with Gaussian transverse profiles. The use of these laser drivers in laser wakefield acceleration (LWFA), for instance, has lead to remarkable achievements [6] . Important LWFA experimental results have been reached in the strongly nonlinear bubble or blowout regime [7] [8] [9] . The blowout provides higher accelerating gradients ( 1 GeV/cm) and efficiencies in comparison to the linear regime. In addition, the blowout regime also leads to linear accelerating and transverse focusing forces, where electrons can accelerate with minimal emittance growth [10] . Thus, the non-linear regime of plasma-based wakefield acceleration has the potential to lead to a high quality electron source for science and applications.
Although ideally suited for electron trapping [11] and acceleration [12] , the blowout is not adequate for positron acceleration. Instead of bringing positrons towards the axis, the transverse focusing force in the blowout regime defocuses positrons everywhere except in a narrow region where plasma electrons cross the axis at the back of the bubble. Several positron acceleration schemes have then been proposed in order to optimise positron acceleration in plasmas. The nonlinear suck-in regime, for instance, provides positron accelerating and focusing fields similar to the linear/mildly nonlinear regime [13] . Hollow plasma channels [14, 15] were also proposed as a mean to accelerate positrons in the linear regime [16] .
Despite these advances, studying new configurations for positron acceleration in the nonlinear regime is important and may have a strong impact in future plasma based linear colliders.
There has been an increasing interest on the interaction between plasmas and lasers with orbital angular momentum (OAM). The production of these states, described by higher order Laguerre-Gaussian modes, is currently well understood [5] . Raman and Brillouin backscattering [19] , and the inverse Faraday effect were then recently examined [20] using higher order lasers in plasmas. Linear wakefield excitation by higher order Laguerre-Gaussian laser pulses was also recently investigated [21] . Nevertheless, the use of lasers with OAM to drive non-linear wakefields for electron and positron acceleration is still unexplored.
In this work we demonstrate analytically and through 3D particle-in-cell (PIC) simulations in OSIRIS [17] that laser pulses with OAM can excite high-gradient positron focusing and accelerating wakefields in the non-linear regime. We show that there are two limiting sce-narios: at lower laser intensities, close to the onset of the blowout, the driver excites a donut shaped bubble which can trap and accelerate hollow electron bunches. These results open the way to produce transversely tailored relativistic electron bunches for applications [18] .
At higher laser intensities, the inner electron sheath that surrounds the donut wakefield merges on-axis. This results in strongly nonlinear wakefields that can focus and accelerate positron bunches. Moreover, the resulting focusing force can be more than an order of magnitude stronger than in a pure ion channel.
To investigate wakefield excitation by lasers with OAM, we adopt the co-moving frame variables, where (x, y, ξ = z − ct, t), with (x, y) the transverse coordinates, and t and z the time and propagation distance. In addition, we use cylindrical coordinates where r = x 2 + y 2 is the distance to the axis and where θ is the azymuthal angle. The normalised vector potential (a L = eA L /m e c) of a laser with OAM at the focus is given by a L (r, ξ) = a 0 a (ξ)a r (r), where a 0 is the peak laser vector potential, a (ξ) is the longitudinal intensity profile normalised to a 0 , and a r (r) is the transverse laser profile given by
, where w 0 is the spot-size, L l p is a Laguerre polynomial with radial index p and azimuthal index l and c l,p are normalising factors.
Unless explicitly stated, we normalise electric fields E to m e c 2 ω p /e, magnetic fields B to m e cω p /e, vector potentials A to m e c/e, distances x to c/ω p , and time t to ω p . Here m e and e are the electron mass and charge, ω p the plasma frequency, and c the speed of light. We also normalise densities to the background plasma density n 0 and velocity v to c.
Linear theory for wake excitation by lasers with OAM has been derived in the limit where the laser central frequency (ω 0 ) is much higher than the plasma frequency (ω p ).
Corresponding accelerating (E z ) and focusing (W r ) wakefields acting on a relativistic particle are given by
dξ [16, 21, 22] , and by ∂W r /∂ξ = ∂E z /∂r,
where W r = E r − B θ , and where E r and B θ are the transverse electric and azimuthal magnetic fields. For a flat top laser pulse driver with a = Θ(ξ)
is the Heaviside step function, and (l, p) = (1, 0), these expressions lead to:
for ξ > λ p /2. Equation (1a) shows that the amplitude of the wakefield is maximised in the region where a Figure 1a shows the electron density, the laser projections, and trapped plasma electrons forming an hollow electron bunch. This result is in stark contrast with self-injection in the spherical blowout regime, which produces cylindrical beams. In addition to their fundamental importance, as they can carry currents which can exceed the Alfven current [23] , hollow bunches can also be relevant for applications. For instance, it has been recently shown that they could be used as a compact collimator for proton bunches in conventional accelerators [18] . 
Since both E z and W r are well described by the spherical blowout scaling laws, we can then use them to estimate the maximum energy gain (∆E) by the hollow bunches. For the parameters of this simulation, ∆E (2/3)m e c 2 (ω 0 /ω p ) 2 √ a 0 27 MeV [12] . This is close to the maximum energies observed in the simulation (Fig. 1d) . Simulations also showed that the laser is self-guided by the donut shaped blowout during electron acceleration, showing that energy is efficiently transferred from the laser to the hollow electron bunch.
Therefore, although more refined models can be constructed, these results indicate that spherical blowout theory appears to accurately predict key donut wakefield properties in the blowout regime. Donut bubble transverse wakefields are able to focus and accelerate positrons on-axis when the laser radial ponderomotive force is sufficiently intense to push the inner donut electron sheath towards r = 0. When this occurs, the electron charge density on-axis becomes much higher than the background plasma ion density, which results in a positron focusing field. This conditions is met when the donut blowout radius, r b 2 √ a 0 , matches
The required laser intensity is then given by a 0 w 2 0 /8 in our normalised units. We can predict the resulting positron focusing force analytically by recalling that in the blowout regime, W r = E r − B θ is electromagnetic in character due to the presence of strong plasma currents. Under the quasi-static approximation and in the Lorentz
Gauge, E r = −∂ r φ − ∂ ξ A r and B θ = −∂ r A z − ∂ ξ A r , where φ is the scalar potential, and where A r and A z are the radial and longitudinal plasma (slow varying) vector potentials. As a result, E r − B θ = −∂ r φ + ∂ r A z = −∂ r (φ − A z ) = −∂ r ψ. The plasma pseudo potential, ψ ≡ φ − A z , hence fully determines plasma focusing fields, including the contributions from the ion and electron density distribution and plasma currents [24] .
In order to obtain an expression for ψ, we solve −∇ [24] where ∇ 2 ⊥ = (1/r)∂ r (r∂ r ψ) is the transverse Laplacian, and where n e 1 − v −1 is the source term for ψ. We consider a simplified model for the source term n e (1 − v z ) shown in Fig. 2a, where the blue line represents the simulation n e (1−v z ), and the red line, the simplified model for the calculation. Values for n e 1 − v at r = 0 (n thickness of the electron layers defining the donut blowout (see Fig. 2a ). In the relativistic blowout regime R b 1 and ∆ R b such that:
for ∆ < r < R b , where R b = 2r b , and where α ≡ ∆/R b 1. In addition,
for r < ∆ < R b . The focusing force is thus:
for ∆ < r < R b . The first term in Eq. (4) is due the ion column and the second to the thin on-axis electron layer. In addition:
for r < ∆ < R b . The first term in Eq. (5) is due to the ion column and the second and third due to the on-axis electron layer.
Equation (5) r . This may lead to the emission of higher frequency x-rays by positron bunches in the donut blowout than by electrons in a pure ion spherical bubble [25] .
It is important to note that the width of the positron focusing region extends well beyond the width of the on-axis electron layer, lasting from 0 < r < R b /2. Moreover, we note that although they may vary due to the dynamics of the inner donut sheath, positron accelerating fields are nevertheless similar to those of the spherical blowout. Positron acceleration can therefore occur for the first half of the donut.
We confirmed these findings in 3D PIC simulations. Figure 2 was obtained using identical simulation parameters to Fig. 1 except for the laser a 0 . The onset of positron focusing and acceleration fields on axis for the laser spot-size of the simulation shown in Fig. 1 (w 0 = 7c/ω p ) is a 0 6.12. Figure 2 , in which a 0 = 8 > 6.12, then confirms that r b > w 0 and that the inner donut bubble electron sheath merges on axis. These parameters correspond We also performed simulations to demonstrate the acceleration of a witness positron bunch in the donut shaped wakefields. Figure 3 shows an OSIRIS 3D simulation result using accelerating gradient is E accel 1.5, confirming that positrons accelerated with high acceleration gradients much larger than those of the linear regime for which E accel 1. After z = 518 c/ω p , the mean positron bunch energy gain is ∆E 400 MeV (Fig. 3d) . We note that the mean energy gain of self-injected electrons is similar to the positron energy gain (∆E 400 MeV). Simulations also show that, in agreement with analytical predictions, the transverse donut shaped wakefields focus the positron bunch even though its initial radius is much wider than the on-axis electron sheath [26] .
We note that simulations using hollow electron bunch drivers showed similar initial positron focusing and acceleration regions in nonlinear regimes. These simulations then indicate that our results are determined by the intensity profile of the driver, being independent of its phase content.
In conclusion, we investigated self-injection of hollow electron beams and positron acceleration in donut shaped wakefields driven by higher order Laguerre-Gaussian laser pulses with OAM in the nonlinear regime analytically and with 3D PIC simulations. We showed that a laser with OAM can be self-guided by the donut shaped blowout region. The onset of positron focusing and accelerating fields occurs when the electron sheath at the inner wall of donut shaped blowout merges on axis. Resulting positron focusing could lead to enhanced betatron x-ray radiation emission regimes in comparison to electrons in the spherical blowout regime. More detailed understanding of externally-guided and self-guided regimes
